JUMPING NUMBERS OF HYPERPLANE ARRANGEMENTS 



NERO BUDUR 



Abstract. M. Saito [3] proved that the jumping numbers of a hyperplane ar- 
rangement depend only on the combinatorics of the arrangement. However, a 
formula in terms of the combinatorial data was still missing. In this note, we 
give a formula and a different proof of the fact that the jumping numbers of 
a hyperplane arrangement depend only on the combinatorics. We also give a 
combinatorial formula for part of the Hodge spectrum and for the inner jumping 
multiplicities. 

I. Introduction 

Jumping numbers are numerical measures of the complexity of the singularities 
of a variety (see section [2]). M. Saito [SJ proved that the jumping numbers of a 
reduced hyperplane arrangement depend only on the combinatorics of the arrange- 
ment, answering a question of M. Mustata [M]. The method of his proof was by 
reduction to the corresponding statement about the Hodge spectrum. His proof 
extends to non-reduced arrangements as well by taking into account the multiplic- 
ities along the hyperplanes in the arrangement. However, a formula in terms of the 
combinatorial data was still missing. 

In this note, we give a formula and a different proof of the fact that the jumping 
numbers of a hyperplane arrangement depend only on the combinatorics and the 
multiplicities along hyperplanes. We also give a combinatorial formula for part 
of the Hodge spectrum and for the inner jumping multiplicities. Combinatorial 
formulas for those jumping numbers which change the support of the multiplier 
ideals have been obtained in [M]- Example 2.3, for reduced arrangements, and 
refined by [T]- Remark 3.2. 

Let A be a central hyperplane arrangement in C n . Denote the intersection lattice 
of A by L(A), that is the set of subspaces of C n which are intersections of subspaces 

V G A. We consider the corresponding arrangement of projective hyperplanes in 

Y = p n_1 given by P(V) for V e A. Let D be an effective divisor on Y supported 
on Supp(D) = UveA^iy)- We assume that Supp(D) is the compactification of a 
central hyperplane arrangement in some C n_1 C Y . For our purposes, the general 
case can be reduced to this particular case. 

We will give a combinatorial criterion, in terms of L(A) and the multiplicities of 
D, for a positive rational number to be a jumping number of D in Y. It is known 
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that 1 is trivially a jumping number of D and that c > 1 is a jumping number if 
and only if c — 1 is. Thus it is enough to determine which c G (0, 1) are jumping 
numbers of D. 

Let Q' C L(A) - {C n } be a building set (see jDP]-2.4 or pQ -Definition 1.2). Let 
G = Q' U {0}. For simplicity, one can stick with the following example for the rest 
of the article: Q = L{A) U {0} - {C™}, when Q' is chosen to be L(A) - {C™}. The 
advantage of considering smaller building sets is that computations might be faster 
(see [T]- Example 1.3-(c)). 

For V G G, define r(V) = codim (V), S(V) = dim V, and 

S { V ) = E mult P(H/)(^)- 
VcW&A 

Set d = J2veA niultp(y) (.D) and 

do = max < d — n + 1, V} max{0, s(W) - r(W)} > . 

[ weg-{o} J 

For any finite set S, set |«S| to be the number of elements of S. For a rational 
number c let 

S c = { V G G- {0} | cs(V) G Z }. 

For V G G let 

f r(V) - 1 - lcs(V)j if V G 6? - {0}, £ S c , 
a v (c) = { r{V)-cs{V) if V G 6? - {0}, G 5 C , 

[ -a ifV = 0, 

For a nonempty nested subset S of C/ — {0} and for V G S U {C™}, denote by 
Vs the subspace where the sum is over W C\ V such that W E S. In other 

words, V5 is the maximal element of S which is C\ V. Set Vs — if there is no 
such maximal element. Let Q(x) = x/(l — exp(— x)) considered as an element of 
the formal power series ring Q [[#]]. 

Definition 1.1. Let S be a nonempty nested subset of G— {0} and let V G SU{C n }. 
For W G G with V$ C W C\V define a formal power series P^f G Q[[cvH]w"eg as 
follows. If W = V s set 



p& v = Q(- E c w ,)W-'™ 



W'cVs 
{W'}UScg nested 



If W ^ V s define 



pS? v = Q(- E ^o- (5(VM(wo) ■ 



{Vy'}U5cS nested 



Q(- E Cw ') 

W'CW 
{W'jUScG nested 



<5(V)-<5(iy) 
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Definition 1.2. Let S be a nonempty nested subset of Q — {0}. Let < j < 
n — 1 — Define the polynomial Tf G Q[cy]yee to be the homogeneous part of 
degree j of the formal power series 



r*:= n n ^ 



jS,v 
w 

vesu{c n } Vscw^v 



Let / C Z[cv]ygg be the ideal of |DP] -5.2 (for the projective case, see Remark 
14.31) . Recall that / depends only on Q and that Z[cy]y e g/J is isomorphic to the 
cohomology ring of the canonical log resolution in terms of Q of (Y,D), i.e. the 
wonderful model of [DPJ. More precisely, / is generated by two types of polynomi- 
als: 

(i) n c v 

if Ti. C Q is not a nested subset, and by 

E c w 

W'CW 

where TC C Q is a nested subset, W G Q is such that W $1 V for all V e TC, and 
^w,vk = 8(^v&hV) ~ 5(W). In (j2J), one considers TC = to be nested, in which case 
(J2]) is defined for every W G ^ by setting 5(0) = n. 

Theorem 1.3. VFrf/i t/ie notation as above, a rational number c G (0, 1) is a 
jumping number of D cY if and only if 

nested 0<j J \VeG / V&S 

does not belong to the ideal I C Q[cv]yeg- 

Since we are assuming that D is the compactification of a central hyperplane 
arrangement in C n_1 , let x G Y be the point corresponding to the origin of C rt_1 . 
As for jumping numbers, the method of the proof of Theorem 11.31 gives a formula 
in terms of combinatorics for the inner jumping multiplicities n CjX (D) of a positive 
rational number c along D at the point x (see section [2]). 

Theorem 1.4. With the notation as above, let c be a positive rational number. 
Then the inner jumping multiplicity of c along D at x is if there are no subspaces 
V G Q with S(V) = 1 or if cd G" Z. Otherwise, let V x G Q be the only subspace with 
5=1, that is F(V X ) = {x}. Then 

n c , x (D)= \\ E a v(c)c v ) TZ±fv x , 



0<j<n-2 J \V£g-{0} 



where the right-hand side is viewed as a number via identification of the degree n—1 
homogeneous part of Q[cy]veg/ 1 with Q • (— Co) n ~ 1 . 
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By a result of [B] (see also |BS] ). for c G (0, 1] the inner jumping multiplicities 
n c , x (D) are the multiplicities of c in the Hodge spectrum of D at x ([St]). Thus 
we have a combinatorial formula for the beginning part of the Hodge spectrum of 
a central hyperplane arrangement. 

In section 2 we review multiplier ideals and intersection theory. In section 3 we set 
the problem into global setting, in preparation for using the Hirzebruch-Riemann- 
Roch theorem. In section 4, we prove Theorems 11.31 and 11.41 via Hirzebruch- 
Riemann-Roch on wonderful models. In the last section we give examples illus- 
trating how Theorems 11.31 and 11.41 work. 

In this article, inclusion of sets is denoted by C and strict inclusion of sets is 
denoted by C. 

We would like to thank M. Saito, to whom we are indebted for the proof of Lemma 
13.21 for sharing with us the results of his preprint [S] which was the inspiration 
behind this article, and for many comments. We also thank M. Mustata, M. 
Schulze, and Z. Teitler for useful discussions. The author was supported by the 
NSF grant DMS-0700360. 



2. Review of multiplier ideals, intersection theory 
The notation of the current section is independent of the rest of the article. 

Multiplier ideals. We review some basic facts from the theory of multiplier ideals 
(see [L]- Chapter 9). Let Y be a smooth complex variety. Let D be an effective 
Q-divisor on Y. Let p : Y' — > Y be a log resolution of (Y, D) and let Kyi iy be the 
relative canonical divisor. The multiplier ideal of D is the ideal sheaf 

J(D) = p.O Y >(K Y >/Y ~ ^P*Dj) C O y . 

The choice of log resolution does not matter in the definition of the J{D) and 
one can extend the definition by allowing, instead of D, any finite formal linear 
combination of subschemes of Y with positive coefficients. A positive rational 
number c is called a jumping number of D if J{c ■ D) ^ J{{c — e) ■ D) for all 
< e < 1. It is known that a positive rational number c is a jumping number if 
and only if c + 1 is a jumping number ([L]- Example 9.3.24). Let i be a point in 
the support of D and let c > 0. The inner jumping multiplicity of c along D at x 
([B]- Definition 2.4) is defined as 

n c ,x{ D ) = dim { 



J((c-e)D + 5{x}) 



where 0<e<i5<l. By [B]-Proposition 2.8, if the inner jumping multiplicity of 
c is nonzero then c is a jumping number. 

Theorem 2.1. (Local vanishing, [L]- Theorem 9.4-1)- With the notation as above, 



W p* Oy(Kyi/y - ^p*Dj) = for J > 0. 
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Theorem 2.2. (Nadel vanishing, [L]- Theorem 9.4-9). With the notation as above, 
assume in addition that Y is projective. Let L be any integral divisor such that L—D 
is nef and big. Then 

H i {Y,0 Y (K Y + L)®J(D)) = Q fori>0. 

Intersection theory. We recall some facts about intersection theory (see jF]). 
Let Y be a smooth projective complex variety. For a vector bundle, or locally 
free CV-module of finite rank, £ on Y, we denote by Cj(£) the image of the j- 
th Chern class of £ in if 2j (Y, Z). The total Chern class is defined to be c(£) = 
Y2j c j{£) i n the cohomology ring H*(Y, Z). The roots of £ are formal symbols 
satisfying the formal decomposition ^2jCj(£)P = Yl^l + Xit). Then one defines 
ch(£) = ^expfo), and writes ch(£) = j^jChj^) with chj(£) e H 2 ^{Y,Q). The 
Todd class of £ is defined as td(£) = where Q(x) = x/(l — exp(—x)). 

The Todd class of Y is denoted by Td(Y) and is defined as the Todd class of the 
tangent bundle of Y. One writes Td(Y) = J2j T dji Y ) wher e Tdj(Y) e H 2j (Y, Q). 

Theorem 2.3. (Hirzebruch-Riemann-Roch, [F]- Corollary 15.2.1) Let£ be a vector 
bundle on a smooth projective complex variety Y. Then x{Y,£) is the intersection 
number E t+J =dimy ch i E ) ' Td j( Y )- 

Let X\, . . . X t be disjoint smooth subvarieties of Y of codimension d. Let p : Y — > 
Y be the blow up of IJXj. Let Ei be the exceptional divisor on Y corresponding 
to Xi. Let [Ei] G H 2 (Y,1j) be the cohomology class of E^. Let Ni be the normal 
bundle of Xi in Y. Suppose there exist c^j G H 2k (Y, Z) such that the Chern classes 
Ck{Ni) are the restriction of c^j to Xi. The following computes the total Chern 
class of Y and follows from [F] -Example 15.4.2. 

Proposition 2.4. With the notation as above, 
c(Y) = p*c(Y) II ( f E P* Ck ^] ^ + ^ ( E " [ E sW^ 



3. Uniform bound for jumps in multiplier ideals 

AfRne case. Let A! be a central hyperplane arrangement in C n_1 . Let D' be an 
effective divisor on C n_1 with support A'. Let L(A') be the intersection lattice of 
A'. For V e L(A'), define r'(V) = codim (V) and s'(V) = Evcwg^' m ^w(D'). 
Let ^' C 1/(^4') — {C n_1 } be a building set. Recall the following result of M. 
Mustata [M] -Corollary 2.1 for the case of reduced arrangements, and refined by 
Teitler JT]- Theorem 1.4. 

Proposition 3.1. If D' is an effective divisor supported on a central hyperplane 
arrangement in C n_1 , then 

j(cd') = n 

w&g 1 
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Moreover, c is a jumping number of D' if and only if there are V G Q' and m G N 
such that c = r ^l^ m and such that 

s'(V) 

vcweg' 

The following lemma will allow us to bound the degrees of the polynomials at 
which we need to look to detect a jump of multiplier ideals. We have conjectured 
the statement, proved some cases, and M. Saito proved it in general. 

Lemma 3.2. For 1 < i < s, let 1% C C[x\, . . . ,x n ] be ideals generated by linear 
forms. Suppose J" 1 fl . . . H 7° 8 G: /or some positive integers a^. T/jen i/iere 

exzsfo / in J" 1 fl . . . fl J" s no£ in o/ degree at most ai + . . . + a s . 

Proof. The following short and elementary proof of this lemma is due M. Saito 
who kindly allowed us to reproduce it here. After a change of coordinates, we can 
assume that I\ = (x\, . . . , x m ) for some m < n. After reordering of indices, we can 
assume that there is r G {1, . . . , s} such that Ij C Ii for 1 < i < r and Ii G! h for 
r < i < s. Let Jj = Ii fl C[xi, . . . , x m ]. Then 

n c n • / - • ^■■■^n). 

l<i<r l<i<r 

Since ni<i< r /f G: we have that r\i<i< r J^ <£. J x ai+1 . The ideals Ji are ho- 

mogeneous. Hence we can find a homogeneous polynomial u in fli^j^r-J" 1 which 
does not belong to J" 1+1 = (xi, . . . , x m ) ai+l . Then the degree of u must be a»i. For 
r < i < s, take fj G but G" Ii to be a linear form. Let / = uY{ r<i<s v°' i . Then 
/ G Hi<i< s J"* , but / G" , and the degree of / is a\ + a r+ i + . . . + a s . □ 

Let a' = ^wce' max {0, s'(W) — r'(W)}. By Proposition 13.11 and Lemma [3~2| 
we have: 

Corollary 3.3. // D' is an effective divisor supported on a central hyperplane 
arrangement in C n_1 ; then c G (0, 1) is a jumping number of D' if and only if there 
exists f G C[xi, . . . ,x n _i] of degree at mosta' Q with f G J{{c — e)D') for <e<l, 
but f G" J{cD'). 

Projective case. Let A be a central hyperplane arrangement in C n . Denote the 
intersection lattice of A by L(A). We consider the corresponding arrangement 
of projective hyperplanes in Y = P n_1 given by F(V) for V G A. Let D be an 
effective divisor on Y supported on Uv&A^iy)- Assume that the support of D is the 
compactification of a central hyperplane arrangement in some C n_1 C Y. Let Q' C 
L(A) — {C n } be a building set and let Q = Q' U {0}. For c a positive real number, 
let J{cD) be the multiplier ideal of cD in Y. Let £(aD) = ^((c - e)D)/J(cD) 
for < e C 1. Thus c is a jumping number of D if and only if Q(cD) ^ 0. Recall 
that we defined in the introduction, for V G Q — {0}, the numbers r(V) and s(V). 
Let Qq be defined as in the introduction. By Corollary 13.31 we have: 
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Corollary 3.4. For all c G (0, 1), 

Q(cD) <S> H°{Y, O Y {a ) ® G(cD)) ^ 0. 



4. Intersection theory on canonical log resolutions. 

The canonical log resolution. Let A be a central hyperplane arrangement 
in C n . We consider the corresponding arrangement of projective hyperplanes in 
Y = P n_1 given by P(V) for V G A. Let D be an effective divisor on Y supported 
on UveA^iy)- We assume also that the support of D is the compactification of a 
central hyperplane arrangement in some C n_1 C Y. Let Q' C L(A) — {C n } be a 
building set. Let Q = Q' U {0}. For example, £? = L(A) U {0} - {C™}. 

We consider the canonical log resolution p : Y — > Y of D obtained from succesive 
blowing ups of the (disjoint) unions of (the proper transforms) of P(V) for V G 
Q — {0} of same dimension. This is the so-called wonderful model of [DPJ- section 
4. More precisely, p and Y are constructed as follows. 

The following notation is taken from [S]- section 2. Let Yq = Y. Let Co be P(V) 
for V G Q — {0} with S(V) = 1 (there is at most one such V, by assumption). Let 
po : Y\ — > Y be the blow up of Co. Then pi and Y i+ i are constructed inductively 
as follows. Let Cj C Y^ be the disjoint union of the proper transforms, under the 
map Pi _ u of F(V) for V G Q - {0} with S(V) = i + I. Let p t : Y i+1 -> Y t for 
0<i<n — 2 be the blow up of Cj. Define Y = Y n _ 2 and p as the composition of 
the pi. 

We need some more notation, also from [5]- section 2. Let Cy,o = P(V) C Yo- 
For V G ^ — {0} with <5(V) = i + 1, Cyj denotes the proper transform of Cy,o in 
Yj for 1 < j < %. Let Ev,i+i be the exceptional divisor in Y^-y corresponding to 
Cy,i- Let be the proper transform of Ey,i+i in Yj for z + 1 < j < n — 2. On F, 
let E v = E Vt n- 2 if 5(F) < n - 1, and £ y = Cy in _ 2 if = n - 1. Also let ^ ,i 
(0 < i < n — 2), and E , denote the proper transform in Y~j, respectively in Y, of a 
general hyperplane of Y — P n_1 . Denote by [Ey] the cohomology class of Ey on 
y, where it will be clear from context what coefficients (integral, rational) we are 
considering. 

For any subset S of Q — {0}, set E s = Uy^Ey and E$ = Hy^Ey. For a 
rational number c, recall the definitions of «S C , ao, and ay(c) from the introduction. 
Also define a' v (c) to equal ay(c) for c 7^ and, otherwise, a' v (0) = ao- 

Lemma 4.1. With the notation as above, 

H°(Y,O Y (a ) ® G(cD)) = X [0 E s c (j2 a v( c ) E v 

\ \veg 

Proof. We have that K Y/Y = Eve9-{oMV)-l)Ev and p*(D) = Eveg-{o} s ( V ) E v 
([T] -Lemma 2.1). Then, from the definition of multiplier ideals and Theorem 12. 1[ 
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we have 

Q{cD) = p*(0 E s c ( a v(c)E v )), and 

v&g-{o\ 

= R i p,(O E s c ( a v(c)E v )) for % > 0. 

v&g-{o} 

We can rewrite Oy(o>o) as ujy <S> Cy(«o + n). By definition, a + n > d. Hence 
Theorem 12.21 applies and we have 

H°(Y, O Y (a ) ® QicD)) = X I Oy(a E ) ® O sSc ( £ a y (c)^ 

V ves-{o} 



□ 

Lemma 4.2. W^t/j i/je notation as in Lemma \4-1\ a rational number c G (0, 1) is 
a jumping number of D if and only if 

nested 

Proof. Follows from Lemma 14.11 and Corollary 13.41 via the Mayer- Vietoris exact 
sequence 

o -> o ESc -0C-©% S -...- o Esc -> 0. 

ScS c <ScS c 
|S]=1 [S[=2 

The intersection £"5 is nonempty if and only if S is nested ([SJ-2.7, [DP] -4.2). □ 

Next goal is to compute x {®e s {J2v&g a 'v{ c )Ev)) via Hirzebruch-Riemann- 
Roch. 

Remark 4.3. Let / C Z[cy]veg be the ideal of |DPj -5.2 described in the introduc- 
tion. By loc. cit. there is an isomorphism 

(3) nc v ] Veg /I H*(Y,Z) ^ Z[[c v )] veg /I 

1 - \n 

c v [E v ] if V ^ 0, 

Indeed, this follows from [DPj -5.2 Theorem, |DP] -4.1 Theorem, part (2), and [DPJ- 
4.2 Theorem, part (4). The only case left out by |DPj -4.2 Theorem, part (4) is 
the one corresponding with E Q in our notation. But this follows from the fact 
that, in their notation, the linear equivalence class of Dy* restricted to Dy* is the 
negative of the class of the proper transform in Dy* of a general hyperplane in 
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the exceptional divisor of the blowup of the origin of V. The objects V and Dy* 
of |DP] correspond to C n and, respectively, Y, in our notation. The exceptional 
divisor of the blowup of the origin of V is, in our notation, P n_1 , the ambient space 
of our projective arrangement of hyperplanes. 

Lemma 4.4. With the notation as in Theorem \1.3l let ^ S be a nested subset 
of Q — {0} ; and c a rational number. Then 



E S 



n-X-\S\ / \n-l-\S\-j 

= e (n _i_|5|_ J - )! (E a v( c w) ^n^ 

o<j K \veg / ves 

where the right-hand side is viewed as an intersection number via the isomorphism 

Proof of Theorem 11.31 It follows from Lemma 14.21 and Lemma 14.41 □ 

Before we prove Lemma 14.41 we need some preliminary results. 

Write Y = P(C n ) and Y = F(C n ) g . This notation makes sense if one replaces 
C n and Q by any vector space with a finite set of proper vector subspaces which is 
closed under intersections and contains {0}. For a nested subset S <Z Q — {0} and 
V e S U {C n }, let V s be as in introduction. Define C£ = V/V s and set 

gS = {W'cCf,\W' is the image of W in for some W e Q, W C V}. 

We have the following description of E s (0-2.7, [DPj-4.3): 

Proposition 4.5. With the notation as above, let S C Q — {0} be a nested subset. 
Then 

E s = H ¥(C s v ) g v. 
v&su{c n } 

By [F]- Example 15.2.12, the Todd class of Es is also a product: 

Lemma 4.6. With the notation as in Proposition \4 . 5\ 

(4) Td{E s )= \{ Td(F(C s v ) g v). 

vesu{c n } 

More precisely, Td(Es) is the product of the pullbacks of Td(F(Cy) d v) under the 
projections associated to the decomposition in Proposition ^ -5\ 

For every V 6 Q — {0} define a formal power series Fy E Z[[cy]]y e g by 

Fy :=(!-£ ^"^^(1 + c v )(l - ^ c w T~^ . 

w^v wcv 
w<=g w&g 

Also, set F = (1 - c ) n . 
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Proposition 4.7. With the notation as above, the total Chern class c(Y) is the 
image in H*(Y,1,) of Ylv^g Ev under the map |3j]. 

Proof. For V E Q — {0} with S(V) = i + 1, let Nyj be the normal bundle of Cy,i in 
Yi. Let 

Ly,i = OyXEq,i — E Ew,i))- 
weg 

By |DPj -5.1 (the statement in loc. cit. needs to be adjusted for the projective case 
as in Remark 14. 3|) , 

AT ~ T S)n— 1— i 

We want to apply Proposition 12.41 One of the quantities we need is 

-l 

-(n-l-i) 



E Pi°k( L V,i 



0(n-l-fh 

0<fc<n-l-i 



Pi C ( L V,i)~ 



W€G 



Also, we have 

0<j<n-l-i 



0<j<n-l-i v J/ 

(1 - [E Vji+1 ] + [£7 ,i+i] - E [^,i+i]) n_1_t 



n— 1— i— 7 



wee 



By Proposition 12.41 



veg o^w^v 
s(v)=i+i \ w&g 



[1 - [E V;i+1 ] + [-Ecm+i] _ E t^W+iD" 1 



weg 

Since K = 1^-2, the Proposition follows from the last formula. □ 

Let Q(x) = x/(l — exp(— x)). For every V e Q — {0} define a formal power series 
G% E Q[[c v ]]veg by 

:= Q(- E Cw)- r{V) Q{cv)Q{- E c ^) r(y) - 
iy$iy wcy 
w&g weg 
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Also, set Gq = Q(—c ) n = Q(—c ) r (°\ Recall from introduction that the codi- 
mension function r depends only Q, a fact which is suppressed from the notation. 
Since the Todd class, as the total Chern class, is multiplicative on exact sequences 
of vector bundles, by Proposition 14.71 we have: 

Corollary 4.8. With the notation as in Proposition \4 . % the Todd class Td(Y) is 
the image in H*(Y,Q) ofYly^gGy un der the map induced by (TJ|) after ®zQ- 

Replacing, in Corollary OJ Y = F(C n ) g with ¥(C^) g v , we obtain: 



Corollary 4.9. With the notation as in Proposition \4-5\ and Corollary \4-S\ let 
5c^-{0} be a nested subset and letV G <SU{C n }. The Todd class Td(P(C^) g v) 
is the image in H*(F(C$) g v , Q) of 

Y[ G% G Q[[cw»]\w»eg§. 
we g v 

under the map cw" >— ► [Ew N ] (W" ^ 0) and c t— > — [E ]. 

Next lemma puts together some computations from |DP] -4.3. [^-Propositions 
2.8 and 2.9: 

Lemma 4.10. With the notation as in Proposition ^ -5[ let ^ S C Q — {0} be a 

nested subset. For V G S U {C n } ; let py be the projection of Eg onto the factor 
F(Cy) g v associated to the decomposition in Proposition \4-5\ Let W' G Q v with 
corresponding divisor E' w , in P(Cy-)^. 

(a) IfW 7^ ; then p v E' w , ~ E w \ Es , where W is the unique element of Q nested 
between V and Vs whose image in Cy = V/Vs is W' . 

(b) IfW' = 0,then 



PvK 



/ \ 

E — 2J E w 

\ {W}US nested / 



Proof. For S having only one element, this is [5]- Proposition 2.8. For the rest, one 
iterates as in [5]- Proposition 2.9 or, equivalently, as in the last paragraph of the 
proof of the theorem of [DPj -4.3. □ 

Proposition 4.11. With the notation as in Proposition \4 ■ 5\ and Definition li.il 
Td(E$) is the image of the formal power series 

TS = U II p w v eQlWlra 

vesu{c™} Vscwgy 
weg 

in H*(E S ,Z) under the map Is '■ 1 1— > [K]i_b s ,cvk i— > [E w ]\ Es (W 7^ 0), and c 1— »■ 
-[Eo)\e s - 
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Proof. For V G S U {C n }, let p v be the projection of E s onto the factor F(C^) g v 
associated to the decomposition in Proposition 14.51 Define a map of Q-algebras 

Pv ■ Q[[%']W'e6f — ► Q[[cw]]weg, 

as follows. For W ^ 0, let cw i— > cw, where W = 7r _1 (W) and vr : 1/ -» Cf-. For 
W = 0, let 

c h-» c w . 

{VK}US nested 

By Lemma 14.101 we have a commutative diagram of Q-algebras 

H*(V(C*) g v,®) — H*(E S , Q). 

For VP 7 G £ y , denote by W' the subspace 7r _1 (W) of V, where 7T : V -» . 

Then PyG^, = P^, . Then the Proposition follows from Lemma H~6l and Corollary 
1491 ' □ 

Proof of Lemma 14.41 Let £ be the invertible sheaf Cb s (Ei/g5 a v( c )^)- By 
definition, for i > 0, chi(£) = (lAOEvee a v( c )[Ev]\E s ) 1 - Theorem 12.31 allows us 
to write 

X(E S ,£)= l(j2 a 'v^MEs) ' Tdj(E s ). 

i+j= n -i-\s\ ' \veg J 

The Lemma follows from the map ([3]) and Proposition 14.111 Remark that the map 
1$ from Proposition 14.111 factors on homogenous polynomials of degree n — 1 — |<S| 
via: multiplication of the map ([3]) with rives c v- 

□ 

Proof of Theorem 11.41 By [B]- Proposition 2.7 (ii), 

n c , x (D) = X (Y, O e s c , x (Ky /Y - l(c - e)p*Dj)), 

for < e < 1, where S CjX is empty unless cd € Z and there exists a divisor on Y 
mapping onto {x}. In the later case, S CtX = {V x }. Thus 

n CtX (D) = x(O e s c , x ( ^2 av(c)E v ), 
v&g-{o} 

and the Theorem follows by replacing with in the proof of Lemma 14.41 

□ 
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5. Examples 

The following examples illustrate how Theorems 11.31 and 11.41 work. 

(a) Let D be the union of three distinct lines passing through one point in P 2 . 
Let A = {Vi,V2,Vs}, Vi C C 3 mutually distinct subspaces of dimension 2, with 
Vl n V 2 n V 3 = L where 8(L) = 1. Then D = P(V\) + ¥(V 2 ) + ¥(V 3 ) as a divisor in 
P(C 3 ) = P 2 . 

Take Q = {0, L, V h V 2 , V 3 }. By © , c + c L + c v . (i = 1, 2, 3) belongs to the ideal 
/. We can eliminate thus the variables Cy. (i = 1, 2, 3) and have 

Q[cv}veg/I = QK c l ]/(c 3 , c c l , (c + c L ) 2 ), 

and, by ([3]), this is isomorphic with the cohomology ring of Y, the blow up of P 2 
at P(L). 

The only c G (0, 1) for which <S C 7^ are c = 1/3, 2/3. For both cases, <S C = {L}; 
call this set S. We have 

l<i<3 

From the fact that Q(x) = 1 + \x + (degree > 2 terms), we get 

s 3 
T = 1 + (— -co — cl) + (degree > 2 terms). 

It follows by Theorem 11.31 that c = 1/3 is a jumping number for D if and only if 
— |c cl does not lie in the ideal I C Q[cy]yeG- Also, c = 2/3 is a jumping number 
if and only if — |coC^ + c 2 does not lie in /. Therefore c = | is the only jumping 
number of D in the interval (0, 1). By Theorem II A\ the inner jumping multiplicity 
at x = P(L) of c = 2/3 is given by writing — |coCl — c| G Q[cv]v&g 1 1 in terms of 
Cq. Thus n x 2(D) = 1. Also, n X: i(D) is given by — |c Ci — 2c|, hence n x ^(D) = 2. 
This gives the initial part of the spectrum of D at x, and in fact (in this case by 
symmetry) the whole spectrum is t 2//3 + 2t + t 4 / 3 . 

(b) Consider the central hyperplane arrangements in C 3 given by 

(x 2 -y 2 )(x + z)(x + 2z), 

(x 2 -y 2 )(x 2 -z 2 ). 

They are combinatorially equivalent. To apply the algorithm of this article, we 
consider the completion of these arrangements to P 3 . Here A = {Ai C C 4 | i = 
1, . . . , 4}, and Q = L(A) - {C 4 } is given by 

{0, C, B t , . . . , B 6 , Ai,..., At}, 

where C, Bj, Ai have codimension 3, 2, resp. 1, C is included in all Bj, and Bj C A\ 
if lies in 

M := {(1, 1), (1, 2), (1, 3), (2, 2), (2, 5), (2, 6), (3, 1), (3, 4), (3, 6), (4, 3), (4, 4), (4, 5)}. 
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The ideal I is generated by c Ai + T,(ij)eM c b 3 + c c + c , c c c , c Bj c BjI with j ^ f, 
c Bj( c o + c c); an d c 2 B . + Cq + c c . The only nonempty S c for c G (0, 1) are 1S1/4 = {C}, 
^2/4 = {C, Bi, . . . , _B 6 }, 1S3/4 = {C}. Then, modulo J, we have 

2 11 1 1 3 

T {c} = --c 3 + c 2 c + —cl + - (c Bl + • • • + cbJco - -(c Bl + . . . + c Bs ) - -c c - 2c + 1, 

T {C ' B > } = -~cg + yc c + ~c Sf c + 7 -cl - c Bj - ^c c - 2c + 1, 

T^> = -eg + i c 2 + c B .c + - c 2 - CBj - co - 2c + 1. 

One computes using Theorem 11.31 that 1/4 and 2/4 are not jumping numbers, but 
3/4 is the only jumping number in (0, 1). Using Theorem 11.41 one computes that 
the inner jumping multiplicities of 1/4 and 2/4 are 0, whereas the inner jumping 
multiplicities of 3/4 and 1 are 1, and resp. 3. By [B], these are the same as the 
spectrum multiplicities. We used Macaulay 2 for some of the computations above. 

The jumping numbers in this case can be computed directly from [T] - Lemma 
2.1 (see also Lemma I4TT1 here) and the result agrees with ours. The spectrum in this 
case can be computed by [St] -Theorem 6.1 which treats the case of homogeneous 
polynomials with 1-dimensional critical locus, and the beginning part agrees with 
what we have found. Remark that there is a shift by multiplication by t between 
the definition of spectrum of [St] and that of [B] . 
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